
What is PRSQP?

Suppose we have an optimization problem of the following form:

min
y

f (y) , f : Rn → R ,

s. t. c (y) = 0 , c : Rn → Rmc , (1)

g (y) ≤ 0 , g : Rn → Rmg .

The first order optimality conditions for such a problem tell that at a solution
point there are vectors λ ∈ Rmc and µ ∈ Rmg such that

∇f + ∇cλ + ∇gµ = 0 ,

diag(µ) g = 0 , µ ≥ 0 ,

c = 0 .

(2)

From now on, we will use the notations

C : = ∇c>(yk) ,

G : = ∇g>(yk) ,

` : = f (yk) − λ>c(yk) − µ>g(yk) ,

H : = ∇2` .

(3)

and we will also omit all arguments like (yk).
The linearized system at iteration step k is H G> C>

diag(µ)G diag(g) 0
C 0 0

∆y
∆µ
∆λ

 = −

 ∇`
diag(µ)g

c

 ,

µ ≥ 0 .

(4)

Now let us suppose there are (n×mc)-Matrices X,P such that

∆y = X∆x̂ + P∆p̂ , where CX = I , CP = 0 . (5)

Then we can blow up system (4) by splitting its first column so that we get

 HX HP G> C>

diag(µ)GX diag(µ)GP diag(g) 0
I 0 0 0




∆x̂
∆p̂
∆µ
∆λ

 = −

 ∇`
diag(µ)g

c

 ,

µ ≥ 0 .

(6)



From the third row we now see that ∆x̂ = −c, which means that we can shuffle
the first column to the right-hand side:(

HP G> C>

diag(µ)GP diag(g) 0

)∆p̂
∆µ
∆λ

 = −
(

∇` − HXc
diag(µ)(g − GXc)

)
,

µ ≥ 0 .

(7)

Since CP = 0, we can get rid of ∆λ by multiplying the first row with P> from
the left. We now have(

P>HP P>G>

diag(µ)GP diag(g)

)(
∆p̂
∆µ

)
= −

(
P> (∇` − HXc)

diag(µ) (g − GXc)

)
,

µ ≥ 0 .

(8)

Alternatively, we can write this as a quadratic program:

min
∆p̂

1

2
∆p̂>P>HP ∆p̂ + P>(∇` − HXc) ∆p̂ ,

s. t. GP ∆p̂ + g − GXc ≤ 0 .

(9)

Let us now denote the first mc columns of C and G with Cx, Gx and the
rest with Cp, Gp. Similarly, we split the vector ∆y> = (∆x>,∆p>). Under the
assumption that Cx is invertible, we then see that the matrices

X =

(
C−1
x

0

)
,

P =

(
−C−1

x Cp

I

) (10)

give a decomposition of the form (5) with

∆x̂ = Cx ∆x + Cp ∆p ,

∆p̂ = ∆p .
(11)

Asymptotically, the term HXc from the first line in (9) will vanish so that we
may drop it for the sake of simplicity. Furthermore, we have

P>HX =
(
−C>pC−>x Hxx + Hxp

)
C−1
x ,

GX = GxC
−1
x ,

GP = −GxC
−1
x Cp +Gp ,

P>∇` = −C>pC−>x (∇xf + G>xµ) + ∇pf + G>p µ ,

∆p̂>P>HP∆p̂ = ∆p>Hpp∆p ,

(12)



As OptiMISES does not deal with state constraints, g does not depend on x so
that Gx = 0.

So the quadratic program to determine the step ∆p in blade geometry param-
eters simplifies to

min
∆p

1

2
∆p>Hpp∆p + γ∆p

s. t. Gp∆p + g ≤ 0 ,
(13)

where we call

γ : = ∇pf −C>pC−>x ∇xf (14)

the reduced gradient.
The update of the flow variables is retrieved from the last row of (6) and the

first line of (11):

∆x = C−1
x (c + Cp ∆p) . (15)

The latter, however, is just an ISES Newton step with the RHS being linearized in
∆p.


